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1 Introduction

Many machine learning problems involve learning parameters § € O of a function f towards achieving an objective
better. Typically, such objectives are characterized by a loss function L : © — R, also called the empirical risk, and
training the model corresponds to searching the optimal parameters 6* that minimize this loss.

For example, in supervised learning,  parameterizes a function f : X — Y, where any € X is an input and any
y € Y is a target label. Then,

n

1
L(O) =~ > Uf(w::0) 3:)
i=1
represents the loss function for a dataset containing n training examples (z1,¥1), .- ., (Zn,yn). Here, £ is a deter-

ministic function that determines the distance between a target label y; and the predicted label y, = f(x;;6). In this
setting, learning is carried out by performing empirical risk minimization, which involves optimizing to find parame-
ters * € arg ming.o L(6).

In the first few lectures, we will dive deeper into the basics and theory of optimization that lie at the heart of machine
learning. We will step back from the notation we see in machine learning, and start by considering the most general
unconstrained optimization problenﬂ for a real valued function f : X — R:

min f(x)

zeX

In most of our discussions, we will consider X or dom( f) to be the d-dimensional Euclidean space R9.

The optimization problem formulated above is NP-hard in general (see [2]. Section 6.6). However, for certain classes
of functions f, strong theoretical guarantees and efficient optimization algorithms exist. In this lecture, we consider
such a class of functions, called convex functions and prove convergence guarantees for an algorithm for convex
optimization called gradient descent.

2 Convex optimization

This section introduces some concepts in convexity, and then uses them to prove convergence of gradient descent for
convex functions.

Although in practice people commonly use the same algorithms for non-convex optimization as they do for convex
optimization (e.g. gradient descent), it is important to note that the strong theory for convex optimization algorithms

'More generally, this would involve an inf instead of min, but in this lecture we keep the notation simple and stick with min.
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often breaks down without the convexity assumption. However, ideas from convex analysis and the weakening of
certain results can give partial guarantees and offer generalizations for non-convex analysis.

2.1 Background

2.1.1 Lipschitz continuity

Definition 1 (Lipschitz continuity). Let L > 0. A real-valued function f is L-Lipschitz continuous iff Vx,y € dom f,
|f(z) = f(y) < Lllz -y

Intuitively, a Lipschitz continuous function is bounded in how fast it can change. Figure [T]illustrates two Lipschitz
continuous functions with different Lipschitz constants.
f(x)

8(x)

1)
gw)

Figure 1: Consider a L ¢-Lipschitz continuous function f and a L,-Lipschitz continuous function g. If f and g are
changing as fast as they can, then Ly > L.

As another example, consider the following function:

exp(—Ax), ifz>0
fla) = { — )
, otherwise

f(z) here is L-Lipschitz, and the value of L increases with A. As the value of )\ increases, the function gets closer to

discontinuity. In the limit of A going to oo, we recover a step function, which is not Lipschitz continuous for any L.
In fact it is not continuous at z = 0. This function is illustrated in Figure[2]
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Figure 2: As )\ increases in f(x), the Lipschitz constant L increases, and the function gets closer to being discontinu-
ous.
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A Lipschitz continuous function does not need to be differentiable. For example, we can have integer-valued and
non-smooth Lipschitz continuous functions. However, a corollary of f being L-Lipschitz continuous is that if it is
differentiable, the norm of its gradient is bounded by L.

Lemma 1 (First order condition for Lipschitz continuity). A differentiable function f is L-Lipschitz continuous iff the
norm of its gradient is bounded by L:
Vz € dom(f), [Vf(z)| <L

Proof. We first give the idea in R, then generalize in R?.

(= ) Fordom(f) C R,

f(z) = lim f@) = f) (definition of derivative)
y—r T —y
|f(z) = f(y)]

— /()] = lim

<L (definition of Lipschitz continuity)
vor |z -yl

In general, if dom(f) C R? for a differentiable L-Lipschitz function f, then
Vi)l <L
In fact, let v € S? a unit vector, then the directional derivative with respect to u is given by:

[+ hu) — f(x)

Vuf(z) = lim (definition of directional derivative)
h—0 h
hau) —
s Vuf(2)] = i @O = @] (definition of Lipschitz continuity)
h—0 |hul]
Since V,, f(z) = (Vf(z),u), taking u = H%EQH = V.f(z) =||Vf(z)], thus the result.

( <= ) By contraposition, suppose there exist A, B € dom(f) such that | f(A4) — f(B)| > L||A — B]|.

In the multivariate case, the mean value theorem states that there exists a point C in the line segment AB such that
f(A) = f(B) =(V[(C),A-B).
Hence, by Cauchy-Schwarz inequality,

fA) =B <[IVIO)A-B

[f(A) - f(B)|
1A - B

, which implies that

IVFO) = > L

O
Note that Lipschitz continuity is a special case of continuity: all Lipschitz continuous functions are continuous, but
not all continuous functions are Lipschitz continuous (for more information, see [[L]).
2.1.2 Convex sets

Before we define convex sets, let us first define a convex combination, which is a constrained version of a linear
combination, illustrated in Figure 3| for two points.

Definition 2 (Convex combination). If z € R? is a linear combination of x1, 3, . . . , x,, € R? and the coefficients are
non-negative and sum to 1, then z is a convex combination of x1, T, ..., Ty:

z= Zﬂixi, where Vi € (1,...,n),0; > 0 and Z@i =1
i=1 =1

Definition 3 (Convex set). X is a convex set if the convex combination any two points in X is also in X. That is, for
a convex set X:
Ve,y e X,V €[0,1], z=0z+(1—-0yeX

Figure 4] gives examples of a convex set and a non-convex set.
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L

Figure 3: All convex combinations z = 6z + (1 — 6)y of two points x and y lie on the line segment from z to y. When
0 = 1, we get x and when 6 = 0, we get y.

Figure 4: Examples of a convex and a non-convex set. Left: Convex set, Right: Non-convex set.

2.1.3 Convex functions
Armed with the definition of convex sets, we can finally define convex functions.

Definition 4 (Convex function). A function f(x) is convex iff the domain dom(f) is a convex set and Vx,y €
dom(f), V6 € [0,1],
f0z+(1-0)y) <O0f(x)+(1-0)f(y)

The condition above says that for any two members in the domain of f, the function’s value on a convex combination
does not exceed the convex combination of those values. It can be viewed as a zeroth order condition, as it doesn’t
involve any condition of differentiability of the function. We will see results with higher order conditions later.
Graphically, when f is convex, for any points z and y in f’s domain, the chord connecting f(z) and f(y) lies above
the function between those points. This is illustrated in Figure 5]

For a convex function f, its opposite function — f is defined as a concave function. In other words, for a concave
function, the inequality condition in Definition []is reversed.

J») Jx)
[f(0x + (1-0)y)

ofx) + (1-0)f(y) 0fx) + (1-0)f(y)

J®)
Sf(bx + (1-0)y)

1)

x Ox+(1-0)y y x  Ox+(I-0)y y

Figure 5: Left: Example of a convex function. For any two points z, y € dom(f), the chord 0 f(x)+ (1—0) f(y),0 €
[0, 1] lies above the function value f(6z + (1 — 6)y), 0 € [0, 1]. Right: Example of a non-convex function®. We see
here that there exist points = and y for which the chord lies below the curve between f(z) and f(y).

2In fact, this is an example of a quasiconvex function f, meaning that all sublevel sets S, (f) = {z | f(z) < a} are convex sets.
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As we can see in Figure[5] convexity is not a necessary condition for a function to have a unique global minimum. The
right plot shows an example of non-convex function having a unique global minimum.

2.2 First-order conditions for convexity

We will see that for differentiable and twice differentiable functions, it is possible to define convexity in terms of
first- and second-order conditions for convexity. Note that all the definitions of convexity are equivalent when the
appropriate level of differentiability holds (for more information, see [2]).

Lemma 2 (First order condition for convexity). A differentiable function f is convex iff dom( f) is convex andVx,y €
dom( f),
F) > f@) + V@) (y— =)

Proof. ( =) Suppose f is convex. By definition of a convex function, dom(f) is convex. Let z,y € dom(f) and
6 € [0,1],

f(I=0z+0y) < ([1-0)f(x)+6f(y) (definition of convexity)
= fla+0y—=) < fl@)+0(f(y) - f(x))
N flz+06(y ;x)) — f(z) < fly) - f(2)
- Jer0 1@ < ) - i) (w=y—a)
= Vuf(z) < fly) - f(z) (taking 6 — 0)

Since V. f(z) = (Vf(z),u) = Vf(z)Tu=Vf(x) (y — ), the result follows.

( <= Suppose dom(f) is convex and

Va,y € dom(f), f(y) > f(z) + Vf(z) " (y —2)
Let z,y € dom(f),0 € [0, 1].

By the convexity of dom(f), z = 6z + (1 — 0)y € dom(f)

Applying the above inequation using z:

f@) > f(z) + Vf(2) (&~ 2) (1
Fy) 2 f(2) + V()T (y - 2) 0
Multiplying inequation (I)) by 6, inequation (2) by 1 — 6 and adding, we get:

0f(z) + (1= 0)f(y) 2 0(f(2) + Vf(2) (& = 2)) + (1 = O)(f(2) + Vf(2) " (y — 2))
=0f(2) + Vf(z) " (0x —02) + (1= 0)f(2) + Vf(2) (1 =)y — (1 - 0)2)
= f(2) + Vf(2) (2 + (1 =)y — 2)
= f(z)
= f(0x + (1 - 0)y)

O

Intuitively, this says that for a convex function, a tangent of its graph at any point must lie below the graph. This is
illustrated in Figure[6]



IFT 6085 - Theoretical principles for deep learning Lecture 2: January 9, 2020

J)

8O =Jx) + /() (y-x)

1w

&) =) + 1 () (y-x)

Figure 6: Example of a convex and a non-convex function illustrating the first-order condition for convexity. For the
convex function on the left, all possible tangents will lie below the graph. However, for the non-convex function on
the right, there exists a tangent such that it lies above the graph for some points in the function’s domain.

2.3 First- and second-order conditions for convexity

Before discussing the second-order condition for convexity, let us review the multivariate generalization of a second
derivative, namely a Hessian:

% f % f 2% f
Ox? dx10xe2 " Oxi10zg
Vi(x)=| : . :
*f *f *f
Oxg0xq Oxqg0x2 e ox2

d

Forafunction f : R — R, f(z) = %22, the second derivative f”(z) = h corresponds to a measure on how quickly the
slope of the function can change. Similarly, the Hessian represents the curvature of a function f with dom(f) C R9.
A multivariate quadratic function f can be written as f(z) = %J]TH x, where H is the Hessian. The eigenvalues of
the Hessian determine the curvature of the function along its eigenvectors. Consider the eigendecomposition’

H=QAQ" 3)
where
A1
A2
A =
A4
Changing the basis to @), we can focus on the directions described by @Q = [q1, g2, - - ., g4]. Then, along the direction

q;, we get the curvature \;. Figure [/|illustrates the curvature of a convex quadratic function. Note that not every
quadratic functions are convex (see Lemma [4]).

Definition 5 (Positive semi-definite). A symmetric matrix M € R4*? is positive semi-definite if
Vo € Rd,xTMx >0
In that case, we will use the notation M = 0.

A positive semi-definite matrix does not necessarily have all positive elements °>. However, as we will see in the next
theorem, its eigenvalues )\; are non-negative.

3The Schwarz Theorem implies that the Hessian is always a symmetric matrix. Applying the spectral theorem, it can always be decomposed in
the mentioned form, with @) an orthogonal matrix, i.e., Q1=0QT.

4Most eigendecomposition algorithms return eigenvalues in non-decreasing order.

SThere exist matrices with all positive entries, that are not positive semi-definite, and there exist positive semi-definite matrices that have negative
elements



IFT 6085 - Theoretical principles for deep learning Lecture 2: January 9, 2020
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Figure 7: Left: Looking along the principle directions of the quadratic function f(x) = %mTH x, we see that the
curve changes faster along ¢; than qo. Here*, \; > \o. Right: Cross-sections along ¢; and ¢o, showing that f has
higher curvature along ¢; than go.

Theorem 1 (Characterization of a positive semi-definite matrix). A symmetric matrix M € R*? is positive semi-
definite iff all its eigenvalues \; are non-negative: Vi € {1,...,d},

Ai >0

Proof. Suppose M = 0 and denote v; an eigenvector associated to A;. Then, using the definition of an eigenvalue and
eigenvector, we have Vi € {1,..., d},

0 S ’UiTMUi = U;r)\ivi = /\lHUZHQ
Hence, A\; > 0.

Suppose \; > 0 fori = 1,...,d. Then, using the eigendecomposition of M, M = QAQ" as mentioned previously

in equation , Yz € R?,
d

' Mr=2"QAQ z =y Ay = Z)\,yf >0
—~—

y i=1

Before stating the second order condition for convexity, we will need a small but useful other lemma.

Lemma 3. A function fis convex iff dom(f) is a convex set andVx € dom(f),v € R, the real function g, ., is convex,
where

9w (t) = f(z + tv)
forallt € R such that x + tv € dom(f).

Proof. ( =) Suppose f is convex, then by definition of a convex function, dom(f) is a convex set.
First, we prove that dom(g, ) is a convex set.

Vs, t € dom(gy,,), 0 € [0, 1], we have x + sv € dom(f) and = + tv € dom(f).
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Hence by convexity of dom(f),
Oz +sv)+ (1 —0)(x+tv) =2+ (0s+ (1 —0)t)v € dom(f)

Therefore, 0s + (1 — 0)t € dom(g,.,,), which means that dom(g, ,,) is a convex set.

Let s,t € dom(gy,., 0 € [0, 1], we have :

gew(@s+ (1 =0)t)= flz+ (0s+ (1 —0)t)v)

= f(0(z+sv)+ (1—0)(xz+tv))
Of (x4 sv)+ (1 —0)f(x+tv)
092.0(8) + (1 = 0) g0 ()

IN

Hence, g, is convex.

( <= ) By contraposition, suppose f is not convex and dom(f) is a convex set. Then, Ja,b € dom(f),0 € [0,1]
such that
f(0a+ (1 —0)b) >0f(a)+ (1 —0)f(b)

Therefore,
Gar—a(0) = Fla+0(b—a)) = (B + (1= 6)a) > 0£(a) + (1 0)F(b) = Ogap-a(0) + (1 = 0)gap—a(1)

Hence, g, 4, is not convex.

O

The Lemma gives us an equivalence between the convexity of a function in R and the convexity of this function
along any line. It will be very helpful in the next proof, as it allows us to derive results in R? from results in R.

Lemma 4 (Second order condition for convexity). A twice differentiable function f is convex iff dom(f) is a convex
set and Vx € dom(f),
V2f(z) = 0

Proof. [3] We begin the proof with the case where dom(f) C R and then generalize for dom(f) C R¢

Let’s suppose dom(f) C R. First, notice that the positive semi-definite condition in R is simply a non-negative con-
dition.

(=) Iffisconvex, then by Lemma[2] Vz € dom(f),h > 0:
fl@+h)—f(z) > f'(x)h and f(z) = f(z+h) = f'(z+h)(—h)

Hence, f'(x + h) > w > f’(x), which means that f’ is non-decreasing, hence f” is non-negative.

(<= ) Suppose f” is non-negative. By Taylor’s theorem of order 2, we have Vz,y € dom(f),3z € [z,y] such
that:

Fl) = £@) + F @)y — ) + 57 ()~ 2

Therefore, f(y) > f(z) + f'(z)(y — ), which is the first order condition of convexity.
Now let’s move on to the general case, where dom(f) C R

Applying Lemma f is convex iff Vo € dom(f),v € R, the real function g ,, defined by g, ,(t) = f(z + tv) for
t such that z 4+ tv € dom(f), is convex. By the above proof in R, this is true iff

g;’w(t) = UTVZf(x +tv)v >0
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Since this is for all v € R%, 2 + tv € dom(f), by taking ¢ = 0, we can see that it is equivalent to V2f(z) = 0,Vz €
dom(f).
O

The Lemma states that for a twice differentiable function to be convex, its Hessian must be positive semi-definite.

In general, for any non-negative eigenvalue of the Hessian, the curvature of the function is non-negative along the cor-
responding eigenvector, and thus the function is convex in that direction. On the other hand, a non-positive eigenvalue
represents non-positive curvature along the eigenvector, and the function is concave in that direction. Then, we can
see that for a function to be convex, it has to have non-negative curvature, and thus non-negative eigenvalues, in all
directions.

2.4 Gradient descent

We will now study our first optimization method. Gradient descent is an iterative optimization algorithm that starts
from an initial point, and moves in the direction of the steepest descent. This makes the algorithm especially useful
for convex optimization, since for a convex function, any local minimum is also a global minimum. It can be proved
that this direction we’re looking for is given by the opposite of the gradient, hence the name of the algorithm.

Specifically, starting from an initial guess w1, the algorithm generates the sequence 1, o3, ...,z € R? to approach
the minimum of a differentiable function f : R? — R using the following update rule:

Tpy1 =z — YV f(2k),
Here, ~ is called the step size, also known as the learning rate in the machine learning literature. If f is convex and ~y
decays at an appropriate rate, then it is guaranteed that as 7" — oo, zp — z*, where 2™ € argmin,c o (s) f (x) is
an optimal value.

Lemma 5. If f is a L-Lipschitz continuous differentiable function, then

IV £ (@)l < L2.

Proof. See Lemmall] O

Theorem 2. Let f be convex and L-Lipschitz continuous®. If we take T steps of gradient descent with the step size

|71 — |2

LVT

Then the following holds:

(A0 - s < b=l
e T VT

(see [2]. Theorem 3.2)

6 Although gradient descent and the theorem rely on the notion of using gradients, the function does not need to be differentiable. The algorithm,
theorem and proof still hold when any of the subgradients is used in place of a gradient at points where the function is not differentiable.
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Proof. Using the first order condition of convexity and rearranging terms, we can write:

flaw) = f(&7) <V f(ak), xr —27)

1
= <;(xk — Tpa1), Tk — :v*> (using gradient descent update rule)
1 * *
=% (=l = zrsr = (@ = 23+ low = 2paall3 + o — 2")3)
(using ||a — b||? = ||a]|* + ||b]|* — 2{a, b) and rearranging terms)
=5 (—lzhs1 — 2*13 + 1V F(@i)ll3 + e —2*||3)  (using gradient descent update rule)
1 *112 *112 Y 2
= o (lox = 18 = llowrs — ") + 21V (@)

Using Lemma[3] we can thus write:

flae) = f(a7) < % (lzx = 27113 = lzxsr —2"[13) + 5 L? )
Let us now perform the change of variables by defining Dy, = || — z*||. Then, from Equation[d] we have:
Fle) ~ £*) < 5 (DF = DR) + 217
B
< L gl
flaz2) = f(a7¥) < %(Dg—Dg) +§L2
1

fler-) = @) < o (D7_1 — D7) + ng
1
2

1
o) = 1) < o (D3 = Dh) + 312 < 508+ 322

Adding all the terms above, we get a telescopic sum where most of the Dy, terms cancel. We get:

= 1 TyL?
> () = ) < 5 D + 5
1 & 1 N2
= (Tkzlf(xk)> —fla) < gD+ 5 5)

Since f is convex, Jensen’s inequality tells us that f (% Z;‘gzl xk) < % Z;‘gzl f(xy). Thus, we can rewrite Equa-
tion 3 as:

T
1 1 ~L2
~Na) - @) < D2+ 0 6
Plugging in v = % gives us the result

F(E5m) - i < o=zl
T CVT
O

To understand how we derived the optimal ~ in the above theorem, notice that the RHS of Equation [f]is a convex
function of +y in the domain R>(. The minimizing v would give us the tightest bound, which can be found analytically

10
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using convexity by setting the gradient to zero and solving for .

The convergence rate we derived here for gradient descent is O(1/y/T), which is quite slow. We will see in the
following lectures how stronger assumptions on the function f can guarantee significantly faster convergence rates for
gradient descent. However, we obtain a convergence in average, which is very useful for some type of functions, such
as the ones that are not differentiable at their minimum.

References

[1] S. Boyd and L. Vandenberghe. Convex optimization. Cambridge university press, 2004.

[2] S. Bubeck et al. Convex optimization: Algorithms and complexity. Foundations and Trends®) in Machine Learn-
ing, 8(3-4):231-357, 2015.

[3] G. Hall. Lecture on convex functions, 2016. URL http://www.princeton.edu/~aaa/Public/
Teaching/ORF523/S16/0RF523_S16_Lec7_gh.pdf.

11


http://www.princeton.edu/~aaa/Public/Teaching/ORF523/S16/ORF523_S16_Lec7_gh.pdf
http://www.princeton.edu/~aaa/Public/Teaching/ORF523/S16/ORF523_S16_Lec7_gh.pdf

	Introduction
	Convex optimization
	Background
	Lipschitz continuity
	Convex sets
	Convex functions

	First-order conditions for convexity
	First- and second-order conditions for convexity
	Gradient descent


