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1 Summary

Consider the one hidden layer multilayer perceptron with identity output activation function f(x) = W@ g(W1)x)
where o could be a non linear activation function. A standard way to ensure that f is a good mapping from the input
X € X to the output y € ) is to optimize (e.g. via SGD) W) and W(2) such that they minimize the empirical
risk. Now consider drawing W) from some distribution p(W) and optimizing the empirical risk over W only. In
this setup, we have f(x) = W) ¢(x; W) where ¢ is a deterministic feature map that is initialized randomly. The
authors in [[1] showed that even if the parameter of the feature map are not optimized, minimizing the empirical risk
with respect to W(2) returns a function whose true risk is near the lowest true risk attainable by an infinite-dimensional
class of functions J,, defined as below:

7= {10 = [ alistasas| )l < Cow) | m

where p(w) is the distribution from which W (") was drawn.

2 Introduction

Given a set of training data in a domain {z(), (" },_;
f:+ X — Y that minimizes the empirical risk

.....

Rs[fl= Y 1(h(x),y) )

where [ is a loss function that specifying the penalty assign to the deviation between the prediction f () and the ground
truthy and S C (X x ).

Similarly to kernel machines, we will consider functions of the form

F@)=>" a(wi)e(x; wi)dw 3)
if {w; } is a discrete set, or

ﬂ@z/@wmume @
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if w is continuous. The function ¢: X — R is a feature map parametrized by some vector w € 2 that is weighted by
a function a: Q2 — R. Let w*, a™ be the vectors of weights that minimize the empirical risk, i.e.

W1, WK ER, a,..,ax €A

K
w*,af = arg min Rg [Z ¢(m;wk)ak] 5)
k=1

A standard approach in machine learning is to use some optimization procedure to approximate w™* and o*. However,
the authors propose less orthodox way approximate the empirical risk minimizer; instead of optimizing w.r.t w and ¢,
draw w from some distribution p(w) and optimize over « only. Algorithm (1)) describe the procedure.

Algorithm 1 The Weighted Sum of Random Kitchen Sinks fitting procedure

Input: A dataset {2V, y},_,
Input: A bounded feature function |¢(z;w)| < 1
Input: K ¢ N
Input: C € R
Input: A probability distribution p(w)
Output: A function h(z) = Zf:l o(x; wi)ag
Draw w € R¥ from p(w)
Featurize the input: 20 + ¢(x(); w)
With w fixed, solve the empirical risk minimization problem

1 — N
o = argmin — Zl (aTz(’),y(’)) (6)

K N
acR i=1

sit]|al]eo < C/K.

The following theorem (/1) states that algorithm has low true risk. The true risk R[h] is defined as the expected
loss on points drawn from the data distribution D.

More specifically, theorem (I)) states Algorithm (I)) returns a function whose true risk is near the lowest true risk

attainable by an infinite-dimensional class of functions F,, defined below:

Theorem 1. (Main result) Let p be a distribution on ), and let ¢ satisfy sup,, ,, |¢(x;w)| < 1 (uniformly bounded).
Define the hypothesis set as follows:

7= {f(rc) = [ at)ote) | fatw)) < c*p<w>} ®)

Suppose the loss function is as below [(y, y/) = | (yy/), with l(yy/) L-Lipschitz. Then for any § > 0, if the training
data {x;,y; }i=1...m are drawn i.i.d from some distribution P, AlgOrithmreturns a function f that satisfies

gy n=o () )

JeFy

with probability at least 1 — 26 over the training dataset and the choice of the parameters w1, - -+ ,wWk.

C is arbitrarily chosen and can be considered as a regularizer. The term p(w) can be viewed as a distribution over the
weights we’re considering. By having a low probability over less desirable weights, the |a(w)| < Cp(w) condition
upper bounds the value of the weights «(w;) to their probability p(w;), rescaled by a constant C'. The hypothesis set
Fp is quite rich. It consists of functions whose weights o(w) decays more rapidly than the given sampling distribution

p.
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3 Steps to prove the Main Theorem
Algorithm [I]returns a function that lies in the random set:

Fo= {10 = [ a@itasias| law) < /K }
We are going to see how much we loose by going from F, to Fo.

The upper bound in the main theorem can be decomposed in a standard way into two bounds:

e An approximation error bound that shows that the lowest true risk attainable by a function in F,, is not much
larger than the lowest true risk attainable in 7, (Lemma [3).

e An estimation error bound that shows that the true risk of every function in F., is close to its empirical risk
(Lemma [4)

Before going further, we introduce the following lemma which will be helpful later on to prove the bound on the
approximation error. It which states that the average bounded vectors in Hilbert space concentrates towards its expec-
tation in the Hilbert norm exponentially fast.

Lemma 1. (Taken from Lemma 2.4 in [1|]) Let X = x1,...,xx be i.i.d._ random variables in a ball H of radius M
centered around the origin in a Hilbert space. Denote their average by X = % Zszl xk. Then, for any 6 > 0, with
probability 1 — 9,

I1X] - E[X]|| < %(1 1 V2log 1)5)

The following Lemma is also helpful in bounding the approximation error:

Lemma 2. Let ;1 be a measure on X , and f* a function in Fp,. If wy,- - ,wgk are drawn i.i.d from p, then for any
6 > 0, with probability at least 1 — § over w1, - -+ ,wk, there exists a function f € F,, so that

T e o)

Proof. We can write f*(z) = [, a(w)¢(z;w)dw, since fx € F,. Given [ = Z((g:)) we construct the following
function:

fr = Bro(swi)

with k=1, ..., K, such that

E.,, [fi] = / B3 we)p(wr ) dw

_ [ o) s wi)p(wg ) dw
—/p(wk)qﬁ(, k)P (W) dwy

:/a(wk)qb(-;wk)dwk
-

The last step is obtained by the definition of f*. It tells us that l;)(y expectation, the random function fy, is part of the
hypothesis set F,,. Consider the empirical average f(z) = >, %gb(x; wy) over K instances of fj. Re-writing
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our weight value condition found in the definition of the hypothesis set F,, we have that lov(eo)] < C. Therefore,

p(w)
f e F,since |2] = |po(‘u()“}{ <<

We’ll use Lemma [1| to finish the proof. To do so, we need to make sure the random variables fj are in a ball of
radius C, i.e. the norm of the random variables is below C. Using ||z|| = y/(«,x) and re-writing the inner product
9) = [ F(2)g(x)dp(x). we have

el = Vo f) = \/ / fo(@) () du(z)
_ ¢ / B262 (s ) dia(z)

= 5k|\// &% (;wi)dp(x) (Since py is independent of x)

< | Bkl /1du(aﬁ) (Since ¢%(-;wy) < 1)
= ||
<C

Where the square root is simplified to 1 because we’re integrating a probability distribution over it’s whole domain,
giving 1. Therefore, we have ||fi|| < C, and we can apply Lemmal[l] concluding the proof.

O
Lemma 3. (Bound on the approximation error) Suppose l(y, y,) is L-Lipschitz in its first argument. Let f* be a
fixed function in Fp. If wy,- - ,wk are drawn i.i.d from p, then for any 6 > 0, with probability at least 1 — § over
w1, - ,Wk, there exists a function f € F,, that satisfies

. .. LC
RIf] <RIFT+ (1 + \/210g1/6)

Proof. For any two functions f and g, the Lipschitz condition on [ followed by the concavity of square root gives

R[f] = Rlg] = E[l(f(2),y) — lg(x),y)] < E[[I(f(x),y) — Ug(x),y)]]
< LE[|f(z) - g(2)]] < LVE(f(2) — 9(x))?
The proof is then obtained by applying Lemma 2] O

Notice the /K denominator term in the right side of the lemma’s inequality. It tells us that the upper bound on
the approximation error decays as we increase the number of random features K considered. Using more features is
computationally more demanding and extends training runtime, but rewards us by decreasing the error’s upper bound.
A standard result from statistical learning theory states that for a given choice of wi, - - ,wxthe empirical risk of
every function in F., is close to its true risk. The following lemma can be proven by using Holder inequality.

Lemma 4. (Bound on the estimation error). Suppose l(y,y') = I(yy'), with I(yy') L-Lipschitz. Let wy,--- ,wi be

fixed. If {z;,y;} ©=1---m aredrawni.i.d from a fixed distribution, for any § > 0, with probability at least 1 — ¢
over the dataset, we have

VieF. |RIf]-R[f]| < \/>(4LC+2|C( )+Lc,/;1og1/5>
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No we are ready to give a sketch of the proof of main theorem by using the above lemmas.

Proof of theorem 1. Let f* be a mlmmlzer of the true risk R over F), f be a minimizer of the empmcal risk R over

F. (ie. f is the output of Algonthm , and f * be a minimizer of the true risk R over F,, (i.e. f * is the optimal
output of Algorithm[I). Then

R[f] - R[f*] =R[f] - R[f ]+R[f] R([f*] )
<IR[f] - R[f*]| + R[f"] - R["] (10)

Let €.y denote the upper bound of the right side of the inequality in Lemma [}

1 /1
€est — ﬁ <4LC + 2|C(O)| + LC 5 log 1/2)

With probability at least 1 — § we have

IR[f] - R[f*]| =R[f] + R[f*] - R[f*] — R[f"]]
<IR[f] + R[f*] - R[f] -R[f*]]  (By optimality of f)
>0
<IR[f] - R[f]| + |R[f*] - R[f"]|
<2€est (By Lemmad))

Let €,pp denote the right term in the upper bound of the inequality in Lemma

€app = \L/f? (1+ \/W)

Also note that R[f*] < R][f] since f* minimize the true risk over F,,. Using this fact we have that with probability at
least 1 — ¢ the following inequality hold

R[f*] - R[f*] <R[f] — R[f"] (f* minimize R over F,,)

<€app (Lemma 3)
Hence

R[f] _R[f*] < 2€est+€appa (11
and we get the desired result. O
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