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Generalization Dynamics

Introduction

« How does training error E; evolve?
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Introduction

« How does training error E; evolve?
« How does generalization error E4 evolve?
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Introduction

« How does training error E; evolve?
« How does generalization error E4 evolve?
 What is the lowest generalization error we can ever get?
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Generalization Dynamics

Introduction

« How does training error E; evolve?

« How does generalization error E4 evolve?

 What is the lowest generalization error we can ever get?
 When is the optimal early stopping time?

 How does the number of parameters affect generalization?
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Problem setup

 TJeacher
e Student
« Ow(t) Ot
e [nitial solution ——final solution
e Eliminating rotation matrices
e Finding rotations
e Solving the equation

 Analyze results

e QOptimal time
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Problem setup

i : : Teacher
e Learning from a noisy linear teacher
o A dataset D: - Student
« Ow(t) Ot

— [l gl — 1 ... "y . . -
D = {zt,yt},p =1, , P e |nitial solution — final solution

« Data generation process (Teacher): * Eliminating rotation matrices

S | * Findi tati
y = wX + €. X is input data sampled inding rotations

from a gaussian distribution | * Solving the equation
 Analyze results

e Optimal time
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Problem setup

e Learning from a noisy linear teacher Teacher
o A dataset D: - Student
« Ow(t) Ot
D={a"y'hu=1--,P  Initial solution — final solution
« Data generation process (Teacher): * Eliminating rotation matrices
o * Finding rotati
y = wX + €. X is input data sampled NUING TOtations

from a gaussian distribution | * Solving the equation

« w and € are drawn from normal distributions. * Analyze results

\ \ * t=0
) e I — 00
Ow o2 — SNR = ¢2 /o2

e QOptimal time

e Dimensions are
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Problem setup

» Data generation process (Teacher): + feacher
- Student
Yy =wX + € . Ow(t)/ Ot

* |nitial solution — final solution

Model (Student):

e Eliminating rotation matrices

J = wX * Finding rotations
e Solving the equation
e Training Error: i . Analyze results
1 « =0
Ei(w(t)) = = Y — P2 ~
(W) = p 2 I 1 0

L. e Optimal time
e (Generalization error:

Ey(w(t)) = <(y — gj)2>x,€ < > denotes Expectation
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Problem setup

e Training Error: * [leacher
e Student
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p= e |nitial solution — final solution

« Gradient descent update rule: « Eliminating rotation matrices

(‘)Et e Finding rotations
w<—w-—m %  Solving the equation

 Analyze results
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Problem setup

e Training Error: + feacher
1 e Student
== > Il — 713, . duw(t)s ot
p=1 * Initial solution — final solution
 Gradient descent update rule: « Eliminating rotation matrices
(‘)Et e Finding rotations
w<—w-—m % * Solving the equation

 Analyze results
* t=0
T(t) = yX —wXX" s I

e QOptimal time

e |t follows that:
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Exact solutions

« Dynamics of w(t): » Teacher
) T T o Student
T(t) = yX' —wXX . dw(t)) ot

. . Initial solution—— final solution
e Final solution

e Eliminating rotation matrices
w(t — o0) =y X (XXT)T » Finding rotations

e Solving the equation
 How do we get to w(t — oo) from w(t = 0)7? °
 Analyze results
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Exact solutions

« Dynamics of w(t): » Teacher
. T T o Student
T(t) = yX' —wXX . dw(t)) ot

. . Initial solution—— final solution
e Final solution

e Eliminating rotation matrices
w(t — o0) =y X (XXT)T » Finding rotations

e Solving the equation

 How do we get to w(t — oo) from w(t = 0)7?
 Analyze results

- Some change of variables are needed! *t=0
e T — O
e |nput covariance matrix:
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* Optimal time
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Exact solutions

« Dynamics of w(t): » Teacher
. T T o Student
T(t) = yX' —wXX . dw(t)) ot

. . Initial solution—— final solution
e Final solution

e Eliminating rotation matrices
w(t — o0) =y X (XXT)T » Finding rotations

e Solving the equation

 How do we get to w(t — oo) from w(t = 0)7?
 Analyze results

- Some change of variables are needed! *t=0
e T — O
e |nput covariance matrix:

57 = XX =VAV' .

_____________ TT _ T _ T
e Input-output covariance matrix; T > XX* =VAV
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Exact solutions

« Dynamics of w(t): * leacher
o Student
() =y X' —wXX?! . Ow(t)/ ot
e Initial solution — final solution
° Change of variable z = wV - Eliminating rotation matrices

e Finding rotations
W e Solving the equation

 Analyze results
*t=0
e I = 0

e Optimal time

Yz — X XT = yAVT

o= yX' =35V’
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Exact solutions

« Dynamics of w(t):

r(t) =y X1 —wXX?

 Change of variable z = wV

TZ(t) = 5 — zA
* SO:

§VT: yXT — TDXXT + €XT — ZAVT 4 gAl/QVT

— 5= 7zA 1+ eNL/2

Yy =wX + €
yXT = wXX" +eXT
XXT=VAVT = X = VAY2UT
yXT = wVAVT + cUAN2VT
yXT = wVAVT 4 eA' PVt
§=ZA+eN/?

Teacher

Student

Ow(t)/ ot

Initial solution — final solution

« Eliminating rotation matrices
Finding rotations

Solving the equation

Analyze results

* t=20

e I — 00

Optimal time

27 = XXT = vAVT

v o= yxT =577
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Exact solutions

« Dynamics of w(t):

r(t) = yXT —wX X’

 Change of variable z = wV

e SO:

T2(t) = § — zA

§VT: yXT — TDXXT + €XT — ZAVT 4 gAl/QVT

— 5= 7zA 1+ eNL/2

- The learning speed of each mode is independent of the others:

T4 = (Zi — zi)Mi H &V,

i=1,--- N.

Teacher

Student

Ow(t)/ ot

Initial solution — final solution

« Eliminating rotation matrices
Finding rotations

Solving the equation

Analyze results

* t=20

e I — 00

Optimal time

N7 = XX =VAV"

o= yx' =3v"



Generalization Dynamics

Exact solutions

» Dynamics of #{#)}z(t) * Teacher

. B N e Student
7% = (2 — zi)Ai + €V A . OJw(t)) Ot

e Initial solution —final solution
» Solving the differential equation: « Eliminating rotation matrices

At €; \;t * Finding rotations

Solving the equation

 Analyze results

e t =0
e L — OO

e QOptimal time
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Exact solutions

» Dynamics of #{#)}z(t) » Teacher
i (N .
e |nitial solution—final solution
« Solving the differential equation: +  Eliminating rotation matrices
5 — g — (Zz Zi(O))6_¥ B €; (1 B e_y) 0. Finding rota.tions
v\ Solving the equation

. . ,  Analyze results
o Back to generalization dynamics:

Ey(w(®)) = {(y — 9)°),, o

e Optimal time
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Exact solutions

» Dynamics of #{#)}z(t) » Teacher
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e |nitial solution—final solution
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Technical Dive

()

At , | Teacher
€ (1 —e
(1—e) ] tii « Student

/ /’:"”“ / . duw(t)) Ot
eC

initialization effect noise effect  lower bound |* [nitial solution —final solution

e Eliminating rotation matrices

* Finding rotations
How it changes over time? J

How it changes over lambdas? e Solving the equation
When overfitting happens?

Frozen subspace? * Analyze results

e QOptimal time
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Technical Dive

2 012y  — 22t : Nt , |° Teacher
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/ /’:m / . Ow(t)/ ot
eC

initialization effect noise effect  lower bound |* [nitial solution —final solution

e Eliminating rotation matrices
e Finding rotations
e Solving the equation

 Analyze results

Optimal time

AR » Staying at the initialization with zero noise effect
L —> 00 e » Overfitting on noise
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Technical Dive

e TJeacher
» The eigenvalue distribution of XX* approaches |. si,dent
the Marchenko-Pasteur distribution dw(t) ] Ot

1 /Or =N =A) * Initial solution — final solution
MP/\y _ + B
) = 27 A +laci (1= a)o() « Eliminating rotation matrices

e Finding rotations

Distribution variable —— )  Solving the equation
Distribution parameters. — A, \_,a . Analyze results
e 1T — 00

e Optimal time
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Technical Dive

 TJeacher
» The eigenvalue distribution of XX" approaches |. si gent
the Marchenko-Pastur distribution
« Ow(t) Ot

e [nitial solution ——final solution
1 \/()\ —NA=A2)
MP _ + _
pr(A) = o h\ +la<1(l —a)d(A) « Eliminating rotation matrices

, e Finding rotations
| e Solving the equation

Analyze results

e QOptimal time
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Technical Dive

e TJeacher
» The eigenvalue distribution of XX* approaches |. si,dent
the Marchenko-Pastur distribution . Ow(t)] ot
* Initial solution — final solution
1 \/()\ —NA=A2)
MP _ + _
p(A) = o b\ +laci(l = a)o(A) e Eliminating rotation matrices

| e Finding rotations
e Solving the equation

- Analyze results

e QOptimal time
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Technical Dive

 TJeacher
» The eigenvalue distribution of XX" approaches |. si gent
the Marchenko-Pastur distribution dw(t) ) Ot
. :  Initial solution — final solution
al ﬂ M?{Zf;'r"t')" J e Eliminating rotation matrices
ag | . * Finding rotations
5l e Solving the equation
- Analyze results
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Technical Dive

1 oxt g2 Nt  Jeacher
E () = — 2 0)2y,— ==t Oc (1 _ —25\2 2
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* Bringing the distribution in Q
e [nitial solution ——final solution
Eggt) _ /pMP()\) [6_23_\75 . SlNR(1 B e_ATt)zl i)+ Sl\1I « Eliminating rotation matrices
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Technical Dive

1 on;t o2 At * Teacher
E () = — 2 0y2y,— =t | Te g _ —2\2 2
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* Bringing the distribution in
» [nitial solution——final solution
E 1 1 +  Eliminati i i
ggt) _ /pMP()\) [6_2T>\t T (1 e—f)zl I\t o Eliminating rotation matrices
Tw -ONR R e Finding rotations

« Optimal stopping time « Solving the equation

 Analyze results

log(SNR - X +1). P 1=0

A o T — 00

topt _ z

Optimal time

Optimal stopping time differs for different )\ ‘s
Causes sub-optimality at early stopping
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Taylor expansion:

i) = _()_u f(z) = f(a)+ f'(a)(x — a)
)
\ / f(w) = 0
D)/ L :
f(w) - % w=w* OU‘ - W= (u — v )




Generalization Dynamics

Our three cents  With help of Remi Tachet

Taylor expansion:

TW = —0— f(x) = f(a) + f'(a)(z — a)
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Our three cents  With help of Remi Tachet

Taylor expansion:

TW = —0— f(x) = f(a) + f'(a)(z — a)
v . oL
\ / flw) = 9w

OL| .~ PL *

f(u) i,«aﬂ}vtw:w* ow? lw=w (u — v )

— = —H(w*) —— In(u) = —HWw)t + C —w — w* = w(0)e HW)
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Our three cents  With help of Remi Tachet

Taylor expansion:

TW = _d_u f(x) = f(a) + f'(a)(z — a)
. 0L
\ / flw) = 9w
OL| .-~ 0% L .
f(u) i,«aﬂ}vtw:w* Ow? lw=u (u — v )
flw) = H(w")(w — w")
w=—H(w")(w—w") o = Oz,,;(O)e_)”t
U=w—w
u’ | T
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Related Work

« Computing Nonvacuous Generalization Bounds for Deep (Stochastic)

Neural Networks with Many More Parameters than Training Data (Gintare
Karolina Dziugaite & Daniel M. Roy)

- Concern: overfitting since #model parameters >> # available data points
- However SGD returns solutions with low test errors on deep models.
- Nonvacuous generalization bounds for:

» deep stochastic neural network classifiers
- with millions of parameters trained on only tens of thousands of examples

» Extension of Langrod’s PAC Bayes

« Why and When Can Deep — but Not Shallow — Networks Avoid the Curse
of Dimensionality: a Review (Poggio et al)

- Mostly focuses on power of architectures (what it can approximate and learn)

- Studies the learning process: the unreasonable efficiency of SGD

- Talks about generalization: over-parametrization is ok and over fitting is not that big
of a problem in deep networks rather than in classical shallow networks
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